
 
Boundary Value Problems BVP's

So far we've been solving IVP's like

Fifi y NEESE's
In contrast BVP's are differential
equations with conditions at two
different points
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But we can also solve for A B
given go E Gay
as in BUD's assuming

we get
a consistent

system

In general we need numerical
methods for solving BWP's
We will soon consider these but
first let's worry about existence
of solutions

to BVP's
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Examples Show that
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has a unique Solin
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which is cont non negwhybounded by 8 e on

Co Dx IR we have a unique
Solh by the theorem



Applyingthetheoremtomoregeneia
BVPS.like.sc

flt x
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We'll get there in 2 s e

1st Theorem on two point BV P's

Consider
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solves

If x solves then

yet x cat b a t soles



Prong simply check that the
change of variablesworks see books

Remar ke The above theorem
simply remaps the

interval Ca to Co I

Remark i To be able to use
Theorem o we still have

to deal with the fact
that

we have

y get g
yeo L yo P

while we'd like to have 2 8 0

Sidhu Just subtract a linear
function
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2nd theorem on two point BV P's

Consider

j getty E htt Z

glo D ylDsp
670 ZC

i

If y solves then
2 t YG Cdt a Eg soles

Proof Check

Exanpeeonhowtousethe.rs
heoremstogether

Convert the two point BVP to an

equivalent one wite 0 boundary
values on Eos B
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By the 2nd theorem
Et is now equivalent to
Z htt Z

Z o o ZG 0

with htt z g t z 17 2 t

41 17 242 3 4 242 17 17 24
3 24

So to solve for a we can first

solve for Z then substitute

y t 2 E t 7 t 2T

and acct g tf



Theorem
Let Ats be cent's on CoD xD

i

has a unique Sdh in Clo B
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f Epc is Lipschits in x on BxR
with const ae 8 we have
a unique solh by the theoremabove

SolvingBVPbishootingmethots
mm

x HE x.ae
Kca L Kcb B

Roqfdea.me
I Convert the BVP to an

IVP by guessing the
value of x a

2 Integrate the equation
Check if XCb p IfKcbs t p s guess x a
and try again



So now 3

x flt x x

x Ca L x a
Zy

this is a guess
Let the Solh of I be xz
We'd like xz B so we

define 0CZ xzbh Bf

the error from our

guess
Our goal is to get 0ft o

mm

This is just a nonlinear equation
that we need to solve

can use Newton's method
secant method bisection
method etc



OTOH we don't explicitly haveE
Need to solve an IVP

numerically evaluation of of E

Secant Method
In

Deadly to solve 0127 0

we run the iteration

zn ezn.i f jofnDTZEI.jo

Now after n iterations we have

f is Oczi for i I n

can use polynomial interpto get a polynomial with

i Foggingon.is



now let Zn p Cop
Zn i 0

Use Znt as the next guess
for a a Z

To summarize
Want to solve x HE a x

occas L x b P

Instead we solve
HE x x

X a L x a E

This give a Sot n Iz d a

boundary value Tz b

So our error is

0C Xz b B



Do it again with Zz to get
0CZz XzCb B

Now run the seat method

Zn Zn tenD

This gives Zi 0 Zi it n

use polynomial interp to get Zn ii
p 0 Zn D p o Zn i

terror I
Downsides

Computationally expensive
Requires 0ft to have ditherer
inverse nearas root

so it need root to be simple


